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Abstract
We use magnetic flux-tubes to stabilize zero-energy modes in a lattice real-
ization of a 2-dimensional superconductor from class D of classification table of
topological condensed matter systems. The zero modes are exchanged by slowly
displacing the flux-tubes and an application of the adiabatic theorem demon-
strates the geometric nature of the resulting unitary time-evolution operators.
Furthermore, an explicit numerical evaluation reveals that the evolutions are
in fact topological, hence supplying a representation of the braid group, which
turns out to be non-abelian. This physical representation is further formalized
using single-strand planar diagrams. Lastly, we discuss how these predictions
can be implemented with and observed in classical meta-materials and how
the standard Majorana representation of the braid group can be generated by
measuring derived physical observables.
Contents
1 Introduction 2
2 The Bulk Model 3
3 Magnetic Flux Insertion 5
4 Adiabatic Displacement of the Flux-Tubes 9
5 The Braid Group BN and its Physical Representations 13
6 Braiding the Zero Modes 16
7 The Resulting Irreducible Representation of BN 19
8 Implementation with Classical Meta-Materials 25
9 Conclusions and Outlook 28
10 Acknowledgements 29
Preprint submitted to Elsevier May 15, 2019
ar
X
iv
:1
90
5.
02
45
7v
2 
 [c
on
d-
ma
t.s
tr-
el]
  1
4 M
ay
 20
19
1. Introduction
In strongly correlated condensed matter systems, fractional and non-abelian
statistics of topological defects, called anyons, have been predicted and sim-
ulated in a large number of models [1, 2, 3, 4]. These properties have been
recognized for their potential in quantum computing, because controlled braid-
ing of anyons induce unitary transformations of their Hilbert sub-space, which
can be concatenated into quantum gates [5]. Since the braids are topological in
nature, these unitary transformations do not depend on the geometric details
of the braids, hence they can be physically reproduced again and again with
high fidelity. Furthermore, the anyons do not couple directly with the fermionic
degrees of freedom, hence they are immune to the environment fluctuations
and this, together with the topological nature of the braids, supply an error
protection mechanism at the hardware level [6, 7, 8, 9, 10].
Evidence of non-abelian statistics in correlated electron systems is experi-
mentally sought, indirectly, from anyon interferometry [11, 12, 13], topological
spectroscopies [14, 15, 16, 17]. However, demonstrating controlled concatenated
braidings of the anyons, e.g. of Majorana fermions via the T-junction procedure
[18], is quite far in the future. In a recent work [19], one of the authors pointed
out that topological point defects can be stabilized and braided in classical meta-
materials. This offers new straightforward experimental venues where controlled
braiding and direct observation of non-abelian statistics can be achieved. Let us
point out that braiding of four Majorana-like modes in an experimental photonic
setup was recently achieved in [20].
Following a similar strategy as in [19], we here present a 2-dimensional lat-
tice model where large numbers of topological point defects can be stabilized
by magnetic flux-tubes, to form a highly quasi-degenerate resonant level in
the middle of a topological spectral gap. These are somewhat similar to the
Aharonov-Casher zero modes [21], whose braiding characteristics have been an-
alyzed in [22]. There are, however, several important differences. Our model is
on a discrete lattice rather than on the continuum plane and we insisted on this
feature because such models can be more straightforwardly implement experi-
mentally with meta-materials (see section 8.1). Also, in our case, the spectral
stabilization of the defects modes in the middle of the topological gap is due to
a particle-hole symmetry of the model, which is achieved only at flux values of
pi in the natural units.
Since the models are formulated on a lattice, there is a fundamental dif-
ficulty related to displacing the flux-tubes, because the Peierls factors behave
discontinuosly when links are crossed. Nevertheless, by properly augmenting
the hopping amplitudes, we succeeded on adiabatically and smoothly exchang-
ing the flux-tubes and on ultimately obtaining an adiabatic representation of
the braid group. This representation is numerically computed following the
procedure from [2] and the calculations confirm that the representation is non-
abelian. The physical representation of the braid group is further analyzed in
terms of single-strand planar diagrams for arbitrary number of flux tubes.
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As demonstrated in [23], any quantum lattice model can be simulated with
classical waves supported by passive meta-materials, in a manner that respects
all the symmetries, in particular, the anti-unitary particle-hole symmetry. Using
the algorithm discovered in [23], we supply concrete tight-binding dynamical ma-
trices that can be implemented with networks of coupled mechanical resonators,
such as springs and balls [24] or magnetically coupled spinners [25]. As we shall
see, implementing the braid operations in a laboratory can be achieved by slowly
changing the coupling strengths between the resonators and no transfers of mass
or re-configurations of the system is required.
The representations of the braid group generated by such adiabatic deforma-
tions are fundamentally different from the one generated by braiding Majorana
fermions in a superconductor. The latter, however, is an induced representation
which simply lifts the braid group representations generated at BdG effective
level to the many particle realm. Guided by this fact, we introduce certain
derived physical observables that reside in the Clifford algebra associated to
the classical zero-mode space and demonstrate that the derived representation
coincides with the one generated by brading the Majorana fermions.
2. The Bulk Model
In this section we introduce the translational invariant bulk model defined on
a 2-dimensional lattice and we discuss its spectral and topological characteristics
as well as its particle-hole symmetry.
2.1. The Bulk Hamiltonian and its Spectral Properties
We will work with the minimal 2-dimensional model from the D-class of
classification table of topological condensed matter [26, 27, 28, 29], which relates
to BdG effective Hamiltonians describing the fermionic excitations in a p + ıp
super-conductor. The model is formulated on a square lattice and it has two
degrees of freedom per each node. Hence, the Hilbert space is C2 ⊗ `2(Z2). If
Sj ’s are shift operators on the lattice:
Sj |m〉 = |m+ ej〉, S†j |m〉 = |m− ej〉, j = 1, 2, (2.1)
where ej are the generators of Z2, then the Hamiltonian of our model can be
written in the following compact form:
H = σ3 ⊗
[
M I + 12
∑
j=1,2
(Sj + S
∗
j )
]
+ 12ı
∑
j=1,2
σj ⊗ (Sj − S∗j ). (2.2)
Throughout, the σ’s will denote Pauli’s matrices. As one can see, we fixed the
energy and space units such that the Hamiltonian displays only one parameter,
the mass M .
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Figure 2.1: Band structure of the Hamiltonian (2.2) for selected values of M parameter. Band
touchings are observed at M = ±2 and M = 0.
The energy dispersion spectrum can be computed explicitly:
Ek =
√(
M +
∑
j=1,2
cos(kj)
)2
+
∑
j=1,2
sin(kj)2, k ∈ [−pi, pi]2, (2.3)
and plots of the dispersion bands are supplied in Fig. 2.1. The data reveals bulk
gap closings at M = 0 and ±2 and, as we shall see, these are all topological
phase transitions.
2.2. Topological characteristics
The Berry curvature of the lower band can be also computed explicitly:
F (k) =
cos k1 + cos k2 +M cos k1 cos k2(
(M + cos k1 + cos k2)2 + sin k21 + sin k
2
2
)3/2 (2.4)
and plots of it are supplied in Fig. 2.2. The bulk invariant, which labels the
topological phases of the model, is the Chern number of the lower band:
∫
T2
dk F (k) =

1 for 0 < M < 2
−1 for − 2 < M < 0
0 for 2 < |M |.
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Figure 2.2: Plots of the Berry curvature as function of quasi-momentum, for selected values
of M parameter.
There are two topological phases with a common boundary at M = 0 and these
topological phases are surrounded by a trivial phase which resides in the region
|M | > 2 of the parameter space.
The hallmark of the topological phases is the emergence of chiral edge states
whenever a bulk sample is halved [30]. In this work, however, we will be in-
terested in point defects rather than edges. Stabilization of zero-dimensional
topological modes inside the bulk gap is enabled by an additional and funda-
mental property of the model, namely, its particle-hole symmetry:
ΘPHHΘ
−1
PH = −H, ΘPH = (σ1 ⊗ I)K, Θ2PH = 1, (2.5)
where K is the ordinary complex conjugation. This symmetry forces the energy
spectrum to be symmetric relative to E = 0 mark.
3. Magnetic Flux Insertion
In this section, we insert infinitely thin magnetic flux-tubes through the plane
of the lattice and study the spectral properties of the resulting Hamiltonian. As
a result of the topological character of the Hamiltonian and of its particle-hole
symmetry, a quasi-degenerate energy level develops at zero energy when the
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flux values are properly adjusted. The invariant space corresponding to this
quasi-degenerate level will supply the representation space for the braid group.
3.1. Peierls substitution
For a generic lattice Hamiltonian on the Hilbert space C2 ⊗ `2(Z2):
H =
∑
n,n′
hn′,n ⊗ |n′〉〈n|, (3.1)
a flux-tube insertion at position x is taken into account by the Peierls substitu-
tion [31], which transforms the Hamiltonian into:
H(x) =
∑
n,n′
exp
(
ı
∫
γnn′
~A · d~`
)
hn′,n ⊗ |n′〉〈n|, (3.2)
where ~A is the corresponding magnetic vector potential. A geometric representa-
tion of the situation is supplied in Fig. 3.1. For a flux-tube of infinitesimal radius
and carrying a magnetic flux Φ, the vector potential takes the form ~A = Φ2pir eˆϕ
in the standard polar coordinates centered at x. As such, the Peierls phase has
an explicit expression:
θnn′(x) =
∫
γnn′
~A · d~`= Φ
2pi
∆ϕnn′ , (3.3)
with the ∆ϕ angles as specified in Fig. 3.1.
Remark 3.1. Several important observations are in place:
• The angles ∆ϕnn′ are measured from n towards n′, hence they come
with definite sign, which is positive if the rotation of n towards n′ is in
the trigonometric sense, and negative otherwise.
• Up to an additive factor of ±2pi, ∆ϕnn′ = ϕn′ −ϕn, where the latter are
the angular coordinates of n and n′, respectively, in a coordinate system
centered at x. This statement can be written more precisely as:
∆ϕnn′ =
(
ϕn′ − ϕn
)
mod 2pi. (3.4)
• All angles defined above depend on the position of the flux-tube and, when
needed, we will specify this dependency explicitly. In particular, ∆ϕnn′(x)
jumps by ±2pi whenever x crosses the segment joining n and n′. This will
have important consequences for the braiding of the flux-tubes.
With the above data, our specific model with N flux-tubes inserted at posi-
tions x1, . . . ,xN becomes:
H(x1|Φ1, . . . ,xN |ΦN ) = Mσ3 ⊗ I (3.5)
+ 12
∑
j=1,2
∑
n∈Z2
[
eıθn,n+ej (σ3 − ıσj)⊗ |n + ej〉〈n|+ h.c.
]
,
with θnn′ =
∑N
k=1 θnn′(xk). The mass parameter M will be fixed in the middle
of the topological phase from now on, namely, M = 1.
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BFigure 3.1: Geometry associated with the flux-tube insertion.
3.2. Spectral flow with the flux
We present first numerical results for two flux-tubes positioned at fixed lo-
cations x1 and x2. Since our computations are performed with periodic bound-
ary conditions, we are constrained to consider Φ1 = −Φ2 = Φ, for a total
of zero-flux through the entire lattice. The spectrum of the Hamiltonian as
function of Φ is reported in Fig. 3.2, together with samples of eigen-functions
profiles. As it is well known [32], the flux-tubes trap a number of electron
states equal to the Chern number of the bulk model and, as the value of the
flux increases/decreases, the eigen-energy of the trapped states flows from the
upper/lower band towards the lower/upper band, setting in motion a spectral
flow. This is precisely what can be observed in Fig. 3.2. Let us point out that
the pair of chiral bands seen there correspond to the two flux-tubes and, since
the tubes are spatially separated, there is practically no interference between
the two and they can be analyzed one at a time. In particular, the pairs of
eigen-functions shown in Figs. 3.2 are practically the topological modes trapped
by the individual flux-tubes.
The spectral flow repeats itself with a period of Φ = 2pi in Fig. 3.2. To
understand this feature in the most general context, let us go back to the general
case of N tubes and consider an increase by 2pi of one flux Φj . We define the
unitary transformation:
|n〉 → Uk(xj)|n〉 = eıkϕn(xj) |n〉, n ∈ Z2, k ∈ Z, (3.6)
with the action on the hopping operators:
Uk(xj) |n′〉〈n|U−1k (xj) = eık(ϕn′ (xj)−ϕn(xj)) |n′〉〈n|. (3.7)
When the flux Φj is increased by 2pi, the Peierls phase factor is modified by the
multiplicative term eı∆ϕnn′ (xj) and, from (3.4), we see that this factor is the
same as the one in (3.7) for k = 1. Therefore:
H(Φj + 2pi) = U1(xj)H(Φj)U
−1
1 (xj), (3.8)
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Figure 3.2: (a) Spectrum of H(x1|Φ,x2| − Φ) as function of Φ. (b-c) The spatial profile of
the eigen-vectors associated with the eigenvalues marked by the red dots in panel (a). Spatial
localization of the eigen-vectors becomes sharper and sharper as the eigenvalues approach the
mid-gap level.
and this explains why an increase of any of the fluxes by multiples of 2pi leaves
the energy spectrum unchanged.
3.3. The space of zero-modes
The second interesting feature in Fig. 3.2 is the intersection of the spectral
flows, which occurs at zero energy and at Φ = (2p + 1)pi, p ∈ Z. This phe-
nomenon is related to the particle-hole symmetry of the original model. Indeed,
let us consider the general case of N flux tubes with Φj = (2pj + 1)pi. Then a
conjugation by ΘPH transforms the Peierls phase factors from e
ı(pj+
1
2 )∆ϕnn′ (xj)
to e−ı(pj+
1
2 )∆ϕnn′ (xj). These two terms differ by a multiplicative factor of
e−ı(2pj+1)∆ϕnn′ (xj) and, by recalling (3.4), this can be easily assessed to be
a purely gauge conjugation. More precisely:
ΘPHH(x1|Φ1, . . . ,xN |ΦN ) Θ−1PH = −UH(x1|Φ1, . . . ,xN |ΦN )U−1, (3.9)
with:
U = U2p1+1(x1) . . . U2pN+1(xN ). (3.10)
It is convenient to re-define the PH-symmetry operation as:
ΘPH = U
−1(σ1 ⊗ I)K, Θ2PH = I, (3.11)
such that:
ΘPHH(x1|Φ1, . . . ,xN |ΦN ) Θ−1PH = −H(x1|Φ1, . . . ,xN |ΦN ). (3.12)
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Figure 3.3: Spectral flow under a single flux-tube insertion for three values of the Chern
number. The models with higher Chern numbers were obtained by stacking appropriate
numbers of minimal models and by turning on a soft coupling between the stacked copies.
The cases with odd Chern numbers display exact zero-modes while, in the case of even Chern
number, the mid-gap modes are unstable and split from E = 0 mark.
It now becomes clear that the energy spectra must be mirror symmetric relative
to E = 0, whenever the fluxes Φj are odd multiples of pi. This implies that, if
the bulk Chern number is odd and the flux-tubes are well separated such that
they can be treated separately, then each of their chiral spectral flows must cross
the level E = 0 at Φ = (2p + 1)pi. This is illustrated by an explicit numerical
simulation in Fig. 3.3.
The conclusion is that, if Φj ’s are fixed at ±pi, the flux-tubes are well sep-
arated and our model is in a topological phase, then H(x1|Φ1, . . . ,xN |ΦN )
displays a N -fold quasi-degenerate energy level centered at zero. The spec-
trum corresponding to this quasi-degenerate level will be denoted by Σ0 and
eigen-vectors associated with Σ0 will be referred as zero-modes. The linear N -
dimensional space spanned by them will be referred as the zero-modes space
and will be denoted by H0(x1|Φ1, . . . ,xN |ΦN ), with the understanding that
Φj ’s are fixed at ±pi. Note that this sub-space of C2 ⊗ `2(Z2) changes with the
positions of the flux-tubes.
4. Adiabatic Displacement of the Flux-Tubes
In this section, we investigate the time evolution of the quantum states
induced by a slow displacement of the flux-tubes. In its current form, the
Hamiltonian evolves discontinuously whenever a flux-tube crosses an edge of
the lattice. Our main goal here is to describe a solution which resolves this
issue and, consequently, it allows us to achieve the adiabatic regime where the
time evolution of the zero-modes becomes purely geometric in nature.
4.1. Resolving the discontinuity of the Hamiltonian
Let us recall the discussion from Remark 3.1, where we learned that ∆ϕnn′
jumps by an additive factor of ±2pi whenever a flux-tube crosses the segment
joining n and n′. Because the flux-tubes are fixed at odd multiples of pi, this
implies that the Peierls phase factors in the Hamiltonian 3.5 change sign. The
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Figure 4.1: Evolution of the spectrum of (a) Hamiltonian (4.1) (γ = 1), and (b) Hamilto-
nian (3.5), when a (+)-flux tube is circled around a (-)-flux tube.
only way to correct for this undesirable effect, is to smoothly turn off the co-
efficient of the Hamiltonian that is affected by this phenomenon. This can be
done by modifying the Hamiltonian to the following expression:
H(x1|Φ1, . . . ,xN |ΦN ) = Mσ3 ⊗ I (4.1)
+ 12
∑
j=1,2
∑
n∈Z2
[
g(n,n + ej)e
ıθn,n+ej (σ3 − ıσj)⊗ |n + ej〉〈n|+ h.c.
]
,
where
g(n,n′) =
N∏
k=1
(
1− exp
(
− (|0.5(n + n′)− xk|/γ)2
))
. (4.2)
This particular choice was made to ensure that, whenever the position xk of any
of the flux-tubes traverses a link (n,n+ej) through the middle of it, the hopping
term corresponding to this link, and only to this link, is smoothly turned off
by the factor g inserted in the Hamiltonian. Hence, from now on, we work
exclusively with the Hamiltonian (4.1) and the flux-tubes will be displaced such
that they always cross the links of the lattice through the middle. The parameter
γ will be fixed at 1 throughout.
In Fig. 4.1, we report the evolution of the energy spectrum computed with
the Hamiltonian 4.1, as a (+) flux-tube is circled around a (-) flux-tube. It
demonstrates that the quasi-zero energy spectrum remains isolated from the rest
of the spectrum, which is the pre-requisite for achieving the adiabatic regime.
Further tests and comparisons between the Hamiltonians (3.5) and (4.1) are
illustrated in Fig. 4.2, after more background is developed. As we shall see, it
is practically impossible to achieve the adiabatic regime with the Hamiltonian
(3.5), due to the sudden discontinuities discussed above, but it is possible with
the Hamiltonian (4.1).
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4.2. The time evolution operators
In the case when the positions of the flux-tubes change in time, a quantum
state Ψ0 prepared at time t0 evolves as:
Ψ(t) = U(t, t0)Ψ0, (4.3)
where U(t, t0) is the unitary time evolution operator supplied by the unique
solution of the equation:
ı∂tU(t, t0) = H
(
x1(t)|Φ1, . . . ,xN (t)|ΦN
)
U(t, t0), U(t0, t0) = I. (4.4)
The following standard property of the family of evolution operators will play
a role later on:
U(t′′, t′)U(t′, t) = U(t′′, t), ∀ t, t′, t′′ ∈ R. (4.5)
4.3. Adiabatic time-evolution and geometric monodromies
The time evolution considered above can be thought of as induced by the
motion of a point x in the multi-dimensional space R2N . Consider now a path
ζ : [0, 1]→ R2N in this space and a point that slides along this path with speed
v = 1/T , resulting in the time-dependent Hamiltonian:
Ht = H
(
x1(vt)|Φ1, . . . ,xN (vt)|ΦN
)
, t ∈ [0, T ]. (4.6)
Let:
Px = χ[−,]
(
H
(
x1|Φ1, . . . ,xN |ΦN
))
(4.7)
be the spectral projector onto the zero-modes space, when the flux-tubes are
arranged in an arbitrary instantaneous configuration x ∈ R2N . Above,  is
a small positive constant accounting for the spreading of Σ0 when the flux-
tubes are at finite separations from one each other and χ denotes the indicator
function. This operator projects the large Hilbert space H = C2 ⊗ `2(Z2) onto
the zero modes space:
PxH = H0
(
x1|Φ1, . . . ,xN |ΦN
)
. (4.8)
Then the adiabatic theorem [33] assures us that, under certain regularity con-
ditions related to the smoothness of the time-dependence of Ht:
U(t, t0)Px0 = Wζ(xt)Px0 + o(v), (4.9)
where Wζ(x) : Px0H→ PxH is the monodromy along ζ, i.e. the unique unitary
solution of the equation:
ı∇xW (x) = ı[∇xPx, Px]W (x), W (x0) = Px0 , (4.10)
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Figure 4.2: The unitarity test (4.14) when a (+)-flux tube is circled around a (-)-flux tube,
for (a,b,c) Hamiltonian (4.1) (γ = 1), and (d,e,f) Hamiltonian (3.5). The monodromies were
computed with (4.11) using different discretizations of the world-lines, namely K = 1000,
5000 and 10000.
when integrated along the path ζ. Numerically, the monodromy can be conve-
niently computed as [2]:
Wζ(x) = lim
K→∞
PxK . . . Px0 , (4.11)
where {x0, . . . , xK} is a discretization of the segment of path ζ joining x0 and
x. In practice, K will have to be set to a finite value which will be referred to
as the discretization parameter.
Note that (4.9) is an adaptation of the general adiabatic theorem, as for-
mulated in [33], to our particular context. It takes that form precisely because
the spectrum Σ0 remains pinned at zero for all flux-tube configurations, which
is a remarkable consequence of the topological character of the model and its
PH-symmetry. In these conditions, (4.9) says that the unitary adiabatic time
evolution of the zero modes is purely geometric in nature. Indeed, let T be the
time it takes the point x to slide along ζ. Then:
U(T + t0, t0)Px0 = Wζ(xf )Px0 + o(1/T ), (4.12)
and, according to the above, the time variable is completely absent in the defini-
tion of Wζ , which in fact is entirely determined by the path ζ. When the curve ζ
closes into itself, the unitary time evolution operator maps the initial zero modes
space into itself, hence supplying a unitary operator Wζ : Px0H→ Px0H.
Our last comment here is that, if one moves the flux-tubes and uses the orig-
inal Hamiltonian (3.5), then one will find out that the resulting time-dependent
Hamiltonian Ht does not satisfy the regularity conditions required by the adi-
abatic theorem. It is at this point where the solution supplied in section 4.1 is
to be appreciated. To convince the reader about the striking difference between
the two cases, we show in Fig. 4.2 a test on the unitarity of Wζ(x):
Wζ(x)
†Wζ(x) = IPx0H, (4.13)
12
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Figure 5.1: Schematic of a physical process which permutes the flux-tubes i and j. The
lines represent the world-lines of the two flux-tubes which encode their positions at
any instantaneous moment of time.
as one flux-tube is circled around another, as in Fig. 4.1. Instead of using (4.13)
directly, we use the quantitative test:
Tr
(
Wζ(x)
†Wζ(x)
)
= dimPx0H. (4.14)
As one can see in Fig. 4.2, when increasing the discretization parameter, the
test becomes more and more accurate when the braiding is performed with
Hamiltonian (4.1), but this is not at all the case when the Hamiltonian (3.5) is
used instead.
5. The Braid Group BN and its Physical Representations
In this section we consider physical processes as the ones illustrated in
Fig. 5.1(a), which result in a permutation of the flux-tubes. The unitary opera-
tors induced by such actions are not fully determined by the final permutations
of the flux-tubes, but they depend on the world-lines, e.g. on whether these
world-lines enclose or not other flux-tubes. The goal of this section is to con-
nect the adiabatic unitary operators resulting from such actions and the braid
group [34].
5.1. The braid group
The braid group BN consists of all finite braid operations that can be ap-
plied to N strands. Two braids can be concatenated to obtain a new braid
and this simple rule defines the group composition. Pictorially, a braid can be
represented as N strands entering a box and being acted on by a set of braid
moves that are defined up to a topological equivalence or, equivalently, to the
so called Reidemeister moves [35]. The N strands exit the box at the same
locations they entered. The composition of two braids reduces to stacking the
boxes, erasing the middle segment and compressing the resulting rectangle until
13
Generators
Rule of multiplication Lk L2L1* * *
… =
L1
…
Lk
L2
* * =Example =
Figure 5.2: Pictorial representation of the braid group.
becomes the box. The unit of the group consists of N parallel strands. All these
are illustrated in Fig. 5.2.
While the braid group BN has an infinite number of elements, it has a finite
number of generators. These are βj,j+1, j = 1, . . . , N − 1, where βj,j+1 weaves
the strands j and j+ 1. An illustration of such generator and its inverse can be
found in Fig. 5.2. In terms of these generators, the braid group can be defined
as the group generated by the βj,j+1’s together with the relations:
βj,j+1βj+1,j+2βj,j+1 = βj+1,j+2βj.j+1βj+1,j+2, j = 1, . . . , N − 2, (5.1)
βj,j+1βk,k+1 = βk,k+1βj,j+1, j, k = 1, . . . , N − 1, |j − k| ≥ 2. (5.2)
This is known as the Artin presentation of the braid group [36]. An element of
the group is the equivalence class w.r.t. (5.1) of a word like:
βn1i1,i1+1β
n2
i2,i2+1
. . . βnkik,ik+1, (5.3)
where the indices iα are drawn from {1, . . . , N − 1} and the powers nα can be
any integer number. Note that the size of a word can grow indefinitely.
5.2. Adiabatic representation of the braid group
We consider now the physical processes illustrated in Fig. 5.3. They consists
of adiabatic displacements of (+)-flux-tubes which result in permutations of the
tubes. Note that at each marked times, t0, . . . , t3, the system is in the same
exact configuration. Let Ht and U(t, t
′) denote the time-dependent Hamiltonian
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Figure 5.3: Sequences of adiabatic cycles which exchange flux tubes. If the result-
ing unitary transformations depend solely on the topology of the world lines, then
Uj−1,jUj,j+1Uj−1,j coincides with Uj,j+1Uj−1,jUj,j+1 because the (a) and (b) world
lines are topologically equivalent. Since these are the defining relations of the braid
group [34], the adiabatic exchanges supply a unitary representation of the abstract
braid group.
and the unitary time evolution induced by the processes in Fig. 5.3(a), and H ′t
and U ′(t, t′) be the same objects for the processes in Fig. 5.3(b). Clearly:
U(t1, t0) = U(t3, t2) = U
′(t2, t1) (5.4)
and these identical unitary operators will be denoted as Uj−1,j . Similarly:
U(t2, t1) = U
′(t1, t0) = U ′(t3, t2), (5.5)
and these identical unitary operators will be denoted as Uj,j+1. Since after each
of these time-intervals the system returns in the original configuration x0, both
Uj−1,j and Uj,j+1 act on Px0H. Furthermore, it follows straight from (4.5) that:
U(t3, t0) = U(t3, t2)U(t2, t1)U(t1, t0) = Uj−1,jUj,j+1Uj−1,j , (5.6)
(a) (b) (c)
Figure 5.4: Evolution of the spectrum during (a) (−pi,−pi), (b) (+pi,+pi) and (c)
(+pi,−pi) fusions. The tubes are separated at t = 0 and overlap at t = 1 and for
(−pi,−pi) and (+pi,+pi) fusion, two pairs of (+pi,−pi) tubes were created. The zero
modes seen after fusion correspond to the un-fused flux-tubes.
15
step = 0 step = 360 step = 930
Figure 6.1: Plots of
∑
α=1,2〈n, α|Pxt |n, α〉 defined in (6.1) as function of lattice position
n, at three instances along the adiabatic cycle shown by the arrows. The cycle was
discretized in 1000 steps. The value at a point n of the 25× 25 lattice is proportional
with the size of the disk centered at that position.
and similarly:
U ′(t3, t0) = U ′(t3, t2)U ′(t2, t1)U ′(t1, t0) = Uj,j+1Uj−1,jUj,j+1. (5.7)
In general, there is no reason to believe that U(t3, t0) = U
′(t3, t0) because,
after all, the physical processes in panels (a) and (b) of Fig. 5.3 are distinct.
However, recall that the adiabatic evolutions are geometric in nature and, since
the zero-modes are concentrated near the flux-tubes, the world lines can be
deformed without any physical consequences as long as the flux-tubes are kept
far apart from each other. If that is the case, then the world lines in panels (a)
and (b) of Fig. 5.3 can be deformed into each other without affecting the final
outcomes. The conclusion is that:
Uj−1,jUj,j+1Uj−1,j = Uj,j+1Uj−1,jUj,j+1, (5.8)
and these are exactly the defining relations (5.1) of the braid group. The conclu-
sion is that the adiabatic evolutions supply a representation of the braid group
on Px0H, which we call the adiabatic representation of the braid group.
The reason why one can expect a non-trivial representation of the braid
group is because the parameter space of the flux-tubes is punctured. Indeed, in
Fig. 5.4 we illustrate the behavior of the spectrum as pairs of flux tubes are fused.
As one can see, the degeneracy is lifted and, as such, the adiabatic theorem, in
the form we presented, does not apply anymore because dynamical terms must
be also taken into account. As shown in [2], a Berry curvature can be associated
to the adiabatic deformations and this curvature is usually concentrated near
such singularities, leading in general to non-trivial monodromies.
6. Braiding the Zero Modes
In this section we compute explicitly the braid matrices and confirm that
they supply an adiabatic representations of the braid group. In all instances,
the flux-tubes are nucleated in pairs of Φ = ±pi but the (-) flux-tubes will be
fixed and only the (+) flux-tubes will be braided.
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Figure 6.2: Plots of the eigen-vectors of U12 with the latter computed with the process
shown in Fig. 6.1. The panels show the amplitude |ψ(n)|2 of the vectors as function of
position n on the lattice. The corresponding eigen-values are specified in each panel.
6.1. Two (+) flux-tubes (B2)
The exchange route of the (+) flux-tubes as well as the positions of the fixed
(-) flux tubes are shown in Fig. 6.1. The dimension of the zero modes space is
4. The spatial profiles of the zero-modes ϕj trapped by the four flux-tubes are
conveniently captured by the diagonal part of Px, the projection onto the zero
modes space: ∑
α=1,2
〈n, α|Px|n, α〉 =
4∑
j=1
|ϕj(n, α)|2, (6.1)
which is what is plotted in Fig. 6.1. As one can see, the zero-modes remain
relatively well separated during the exchange operation. Furthermore, since the
flux-tubes that are exchanged carry the same flux, the Hamiltonian returns to
its initial value, hence the adiabatic cycle is closed.
The monodromy U12 was computed with Eq. 4.11 and, for a discretization
of K = 5× 104, its spectrum was found to be:
Spec(U12) =
{− exp ( ıpi4 ), exp ( ıpi4 ), 1, 1}± 1%. (6.2)
The corresponding eigen-vectors are reported in Fig. 6.2. As expected, the
trivial eigenvalues 1 correspond to the zero modes trapped by the (-) flux-tubes,
which do not participate in the braiding. The eigen-vectors corresponding to
the eige-nvalues ± exp ( ıpi4 ) are shared between the (+) flux tubes and they are
mapped into each other by the particle-hole symmetry operation (2.5).
The above numerical results indicate that when a flux tube is circled around
another, the resulting adiabatic monodromy is ±ıI. We have verified this state-
ment, directly, for the process described in Fig. 4.2. Hence, the flux-tube must
circle four times for the monodromy to return to identity. The conclusion is
that the adiabatic representation supply a cyclic representation of B2 of period
8: U812 = I.
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Figure 6.3: The initial configuration of the flux-tubes together with the world-lines for
the exchange matrices marked in each panel. The initial configuration is represented
by the plot of
∑
α=1,2〈n, α|Px0 |n, α〉 as function of n on a 30× 30 lattice.
6.2. Three (+) flux-tubes (B3)
The initial configurations and the exchange routes of flux-tubes are shown in
Fig. 6.3 and the monodromies U12 and U23 were again computed with Eq. 4.11.
The eigenvalues of both monodromies were numerically found to be:
Spec(U12) = Spec(U23) =
{− exp( ıpi4 ), exp( ıpi4 ), 1, 1, 1, 1}± 1%, (6.3)
when the adiabatic cycle was discretized in a K = 5×104 number of steps. The
corresponding eigen-vectors are shown in Fig. 6.4 for U12 and in Fig. 6.5 for
U23. At this point we computed the physical representation of the generators
of the braid group and we can verify directly the fundamental relation (5.8).
Numerically, when the cycles were discretized in K = 5×104 steps, we obtained:
U12U23U12 − U23U12U23 = 0± 0.01, (6.4)
which confirms that the adiabatic braids supply a representation of the braid
group. The spectra of these unitary transformations was found to be:
Spec(U12U23U12) = {−ı, ı, ı, 1, 1, 1} ± 1%, (6.5)
and similarly for Spec(U23U12U23).
Since three of the flux-tubes are mere spectators to the braidings, we expect
that three of the eigen-vectors corresponding to trivial eigenvalues 1 of U12 and
U23 to be pinned at these (-) flux-tubes and to be irrelevant for the braiding
process. This is not clear from Figs. 6.4 and 6.5 and this is because the computer
out-putted arbitrary linear combinations of the four eige-vectors corresponding
to the degenerate eigenvalue 1. However, to confirm our supposition, we have
verified that the two eigen-vectors of U12 and the two eige-vectors of U23, cor-
responding to the non-trivial eigen-values, span a 3-dimensional linear space,
i.e. that there is one and only one linear dependency between them. Further-
more, this 3-dimensional linear space coincides with the 3-dimensional linear
space spanned by the three eigen-vectors of U23U12U23 corresponding to the
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Figure 6.4: The eigen-vectors of U12 for the eigen-values specified for each panel.
three non-trivial eigenvalues. The important conclusion is that the adiabatic
representation of the braid group revealed by our calculations is an irreducible
representation of dimension 3.
7. The Resulting Irreducible Representation of BN
The numerical data supplied in the previous section enable us to identify the
irreducible representation of the braid group for a generic number of flux tubes.
This representation is described first in a matrix form and then in a diagramatic
form.
7.1. The matrix presentation
Consider the following matrices N ×N complex matrices:
Qj,j+1 =

. . .
...
...
...
... . .
.
. . . γ 0 0 0 . . .
. . . 0 0 α 0 . . .
. . . 0 β 0 0 . . .
. . . 0 0 0 γ . . .
. .
. ...
...
...
...
. . .

, (7.1)
where the 2× 2 square matrix containing the coefficients α and β sits at rows j
and j + 1, as well as at columns j and j + 1. The γ’s fill in the diagonal all the
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Figure 6.5: Eigen-vectors of U23 for the eigen-values specified for each panel.
way to the upper-left and lower-right corners. We can let the index j run from
1 to N − 1, hence there are N − 1 such Q matrices. The adjoint matrices are:
Q∗j,j+1 =

. . .
...
...
...
... . .
.
. . . γ∗ 0 0 0 . . .
. . . 0 0 β∗ 0 . . .
. . . 0 α∗ 0 0 . . .
. . . 0 0 0 γ∗ . . .
. .
. ...
...
...
...
. . .

, (7.2)
and a direct computation gives:
Qj,j+1Q
∗
j,j+1 =

. . .
...
...
...
... . .
.
. . . |γ|2 0 0 0 . . .
. . . 0 |α|2 0 0 . . .
. . . 0 0 |β|2 0 . . .
. . . 0 0 0 |γ|2 . . .
. .
. ...
...
...
...
. . .

, (7.3)
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as well as:
Q∗j,j+1Qj,j+1 =

. . .
...
...
...
... . .
.
. . . |γ|2 0 0 0 . . .
. . . 0 |β|2 0 0 . . .
. . . 0 0 |α|2 0 . . .
. . . 0 0 0 |γ|2 . . .
. .
. ...
...
...
...
. . .

. (7.4)
As such, the matrices are unitary if we force the complex coefficients α, β and
γ to lie on the unit circle. Furthermore:
Qj,j+1Qj+1,j+2Qj,j+1 =

. . .
...
...
...
... . .
.
. . . γ3 0 0 0 . . .
. . . 0 0 0 γα2 . . .
. . . 0 0 γαβ 0 . . .
. . . 0 γβ2 0 0 . . .
. . . 0 0 0 γ3 . . .
. .
. ...
...
...
...
. . .

, (7.5)
where the 3 × 3 off-diagonal matrix sits at rows j, j + 1, j + 2 and columns j,
j + 1, j + 2, and a direct computation will show that:
Qj,j+1Qj+1,j+2Qj,j+1 = Qj+1,j+2Qj,j+1Qj+1,j+2, (7.6)
as well as:
Qj,j+1Qj′,j′+1 = Qj′,j′+1Qj,j+1, (7.7)
if |j − j′| ≥ 2. Comparing with (5.1), we conclude that the Q-matrices supply
an N ×N representation of the braid group BN .
7.2. Connection with the adiabatic physical representation
Specializing for N = 3, we have:
Q12 =
0 α 0β 0 0
0 0 γ
 , Q23 =
γ 0 00 0 α
0 β 0
 . (7.8)
Guided by the numerical results from section 6, we make the choice:
α = e−
ıpi
4 , β = −e− ıpi4 , γ = 1. (7.9)
and find:
Spec(Q12) = Spec(Q12) =
{− e ıpi4 , e ıpi4 , 1} (7.10)
as well as:
Spec(Q12Q23Q12) = Spec(Q23Q12Q23) =
{− ı, ı, ı}, (7.11)
in full agreement with (6.3) and (6.5).
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7.3. A diagramatic presentation
A single-strand N -diagram is a box with N -marked points at the bottom
edge and N -marked points on the top edge, and a smooth line connecting one
marked point at the base with one marked point at the top. The smooth line
exists and dives normally to the edges. A few examples for N = 3 are supplied
below:
, , (7.12)
For a generic N , there are N2 such single-strand diagrams.
Two single-strand diagrams can be composed in the following way. One
stacks the diagrams on top of each other, respecting the order, and, if the
reunion of the paths results in a smooth curve then that is the result of the
composition. If not, then the composition is zero. Below are some example:
· = = , (7.13)
and:
· = = 0. (7.14)
As opposed to the link diagrams, not every single-strand diagram has an inverse.
In fact there is no single-strand diagram that can play the role of unity, hence
the set of these diagrams together with the composition form only a semi-group.
This semi-group is not very useful by himself and we expand to an algebra
T
(1)
N , whose elements are formal series:
a =
∑
j
aj Dj , (7.15)
where Dj ’s are single strand N -diagrams and the coefficients aj ’s are simple
complex numbers. The addition and multiplication of the algebra are:(∑
j
aj Dj
)
+
(∑
j
a′j Dj
)
=
∑
j
(aj + a
′
j) Dj (7.16)
and: (∑
j
aj Dj
)
·
(∑
i
a′i Dj
)
=
∑
j,i
aj a
′
i
Dj
Di
, (7.17)
respectively.
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The algebra T
(1)
N does have a unit. For N = 3, for example, the unit is
supplied by:
1 = + + (7.18)
We can endow the algebra T
(1)
N with a ∗-operation:(∑
j
aj Dj
)∗
=
∑
j
a∗j Dj
∗
, (7.19)
where Dj
∗
for a single-strand diagram means reflection relative to the middle
horizontal axis of the box. Furthermore, T
(1)
N accepts a positive and faithful
trace, i.e. an additive map T : T
(1)
N → C such that T(gag−1) = T(a) for any a
from T
(1)
N and g from GL(TN ) and T(a
∗a) ≥ 0 for all a ∈ T (1)N , with equality
only when a = 0. Being a linear map, we only need to specify how T acts on the
individual diagrams. The rule is that, when applied on a single-strand diagram,
the trace gives 1 if the strand is straight and 0 otherwise. For example:
T
( )
= 1, T
( )
= 0. (7.20)
Note that the trace is normalized such that T(1) = N .
As for any algebra with a unit, there exists the group GL(TN ) of all invertible
elements from TN . Below we supply an explicit group homomorphism
ρ : BN → GL(TN ), (7.21)
via formal replacements of links by the linear combination:
→ α +β (7.22)
and:
→ α∗ +β∗ (7.23)
Furthermore, after all the links are resolved by applying the above rule, the
result will be a linear combination of planar diagrams with strands that do not
cross each other. These diagrams are further decomposed into linear combina-
tions of single-strand diagrams. For example:
→ + (7.24)
It is a simple exercise to verify that:
τj,j+1 = ρ(βj,j+1), τ
∗
j,j+1 = ρ(β
−1
j,j+1), j = 1, . . . , N − 1, (7.25)
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satisfy the relations (5.1). For example, the generators of B3 become:
τ12 = α +β + (7.26)
and:
τ23 = α +β + (7.27)
and, after applying the rules of calculus, we obtain:
τ12τ23τ12 = α
2 +αβ +β2 (7.28)
and same for τ23τ12τ23.
We now construct the GNS-representation [37] of T
(1)
N induced by T. For
this, one considers the linear space VN that coincides with the algebra T
(1)
N
when the latter is considered only with the additive structure. To distinguish
between T
(1)
N and VN , we will write the elements of the latter as:
|ψ〉 =
∑
j
aj
∣∣∣ Dj 〉 , aj ∈ C, (7.29)
Where the sum is over all available single-strand diagrams. Alternatively, VN
can be thought as the C-linear span of all single-strand diagrams. As such,
dim(VN ) = N
2. Furthermore, VN can be equipped with a non-degenerate
scalar product, which is the unique sesqui-linear map acting on the single strand
diagrams as: 〈
D , D′
〉
= T
(
D
∗ · D′
)
. (7.30)
Then
(
VN , 〈, 〉
)
becomes a finite-dimensional Hilbert space.
The regular representation η of T
(1)
N on VN is supplied by the natural action
η(a)|ψ〉 = |aψ〉. Explicitly, if ψ is as in (7.29), then:
η
(∑
i
a′i Di
)
|ψ〉 =
∑
i,j
a′iaj
∣∣∣∣∣ DiDj
〉
, (7.31)
where on the right we have the composition of single-strand diagrams.
Let us pause and appreciate that, through the composition:
η ◦ ρ : BN → GL(VN ) ' GL(CN2) (7.32)
we constructed a finite-dimensional representation of the braid group. Further-
more, it is immediate to check that the representation is unitary, that is, the
map in (7.32) lands in U(CN2) rather than the whole GL(CN2). Let us point
out that, if one tries the same procedure directly on the link diagrams, one will
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find that the resulting linear space is infinitely dimensional, because there are
an infinite number of inequivalent link diagrams. The representation (7.32) is
not irreducible but the irreducible representations can be easily generated once
the left-ideal structure of T
(1)
N is mapped out, which is our next task.
The left-ideals enter the discussion in the following way. If J ⊂ T (1)N is a
left-ideal, that is, ab ∈ J for all a ∈ T (1)N and b ∈ J , then the linear sub-space
VJ ⊂ VN spanned by all |ψ〉’s from J is invariant to the regular action of T (1)N :
η(a)|ψ〉 = |aψ〉 ∈ VJ . (7.33)
Since the action of T
(1)
N gets trapped by these sub-spaces, we can study them
one at a time, instead of dealing with the large VN . One can quickly convince
himself that the left-ideals are all direct sums of the normal left-ideals generated
by one single-strand diagram. Hence an irreducible invariant sub-space of VN
consists of the C-linear span of single-strand diagrams originating from the same
marked point at the base. There are N such diagrams, hence the dimension of
these invariant sub-spaces are N . For N = 3, one of such invariant sub-space is
generated by the following diagrams:
, , (7.34)
If one changes the base marked point, one obtains N distinct such invariant sub-
spaces and their direct sum is a linear space of dimension N × N = dim(VN ),
hence the whole VN . Furthermore, the these invariant sub-spaces are canonically
isomorphic, hence it is enough to study one of them. In fact, the position of
the base point is irrelevant and we can think of this essentially unique invariant
sub-space as the C-linear span of the diagrams:
ϕ1 = , ϕ2 = , ϕ3 = (7.35)
shown here for N = 3. It is now easy to verify that the matrices supplied by
the matrix elements:
〈ϕn|τj,j+1|ϕm〉, j = 1, . . . , N1, m, n = 1, . . . , N, (7.36)
coincide with the Qj,j+1 matrices introduced in section 7.1. For the case N = 3,
using τj,j+1 from (7.26) and (7.26), these matrices have been computed explicitly
and confirmed to be identical to (7.8).
8. Implementation with Classical Meta-Materials
In this section we briefly recall the algorithmic procedure from [23] of trans-
forming quantum lattice models into dynamical matrices governing the dynam-
ics of small oscillations of coupled mechanical resonators. We also demonstrate
here how to recover the standard Majorana representation of the braid group
using derived physical observables.
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8.1. Classical Dynamical Matrices
The representation of the braid group generated by the adiabatic displace-
ments of the flux-tubes supplies an example of a non-abelian statistics that
can be implemented with and observed in a classical meta-material. This is
important because it represent a new and more straightforward route towards
the long-sought demonstration of a controlled non-abelian braiding of arbitrary
number of anyons in a physical system. Below, we briefly elaborate the main
steps of this implementation.
The key is the map ρ supplied in [23], running from linear operators over
C2 ⊗ `2(Z2) to linear operators over C4 ⊗ `2(Z2). If we write the Hamiltonian
(4.1) as:
H =
∑
n,n′
hn′,n ⊗ |n′〉〈n|, (8.1)
with hn′,n being the 2×2 hopping matrices appearing in (4.1), then we generated
a classical dynamical matrices D governing the small oscillations of coupled
mechanical resonators via:
D = ω20I + ρ(H) = ω
2
0I +
∑
n,n′
(
Re[hn′,n] Im[hn′,n]
−Im[hn′,n] Re[hn′,n]
)
⊗ |n′〉〈n|, (8.2)
where the first term is chosen such that the spectrum of D is contained by
the positive real axis. As one can see, by doubling the degrees of freedom
per lattice site, all entries of the dynamical matrix were made real and such
dynamical matrices can be implemented in a laboratory with passive meta-
materials, for example, using the platform of magnetically coupled spinners
[25]. This is elaborated at length in [23].
As pointed out in [23], except for a rigid shift by ω20 , the resonant energy
spectrum of D is identical to that of H but its degeneracy is doubled. Hence,
the zero modes of H double and become mid-gap normal modes for D that
oscillate with pulsation ω0. Furthermore, D has an intrinsic and un-avoidable
U(1) symmetry given by the conjugation with
(
0 I2
−I2 0
)
⊗ I. The spectrum of
this symmetry operator consists of just two points ±ı, hence the Hilbert space
of D decouples into two dynamically invariant symmetry-sectors:
C4 ⊗ `2(Z2) = Π−
(
C4 ⊗ `2(Z2))⊕Π+(C4 ⊗ `2(Z2)) (8.3)
where Π± are the spectral projectors onto the ±ı eigenvalues. As shown in
[23], Π+DΠ+ defined over Π+
(
C4 ⊗ `2(Z2)) is unitarily equivalent to the orig-
inal Hamiltonian H. In particular, it inherits the PH-symmetry, which in the
classical setting is referenced from the mid-gap point:
Θ˜PH
(
Π+(D − ω20)Π+
)
Θ˜−1PH = −Π+(D − ω20)Π+, (8.4)
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with Θ˜PH as defined in [23]:
Θ˜PH = J ρ
(
U−1(σ1 ⊗ I)
)
K, J =
(
0 I2
I2 0
)
⊗ I. (8.5)
The implication is that the whole braiding program is reproduced by the classical
system defined by D.
8.2. Derived physical observables and representations
Even in the classical regime, there are interesting derived physical observ-
ables, whose dynamics supply representations of the braid group that derive
from the one found in the previous sections, yet they are fundamentally dif-
ferent. In particular, we show below that, by using such derived physical ob-
servables, we can reproduce the standard Majorana representation of the braid
group.
We assume that all initial loads of the lattice occur in the symmetry sector
Π+. An explicit and practical way to achieve such task has been elaborated
at length in [23]. Since Π+(D − ω20)Π+ is unitarily equivalent to H for all
configurations of the flux-tubes, we will work with H in the following, primarily
because we already fixed the notation. Let C`
(
H0, 〈, 〉
)
be the complex Clifford
algebra associated to the space H0 of zero modes with N flux-tubes arranged
in a particular configuration. Then, for any ψ ∈ H0, we have an element Γ(ψ)
in C`
(
H0, 〈, 〉
)
, such that:
Γ(ψ)†Γ(ψ′) + Γ(ψ′)Γ(ψ)† = 2〈ψ,ψ′〉, Γ(ΘPHψ) = Γ(ψ)†. (8.6)
We can make things more explicitly by considering the basis {ϕj}j=1,N of H0
consisting of particle-hole symmetric modes localized at each of the flux tubes.
Note that this is precisely the basis that supply the matrix form (7.1) of the
braid transformations. Let:
Γj = Γ(ϕj), Γ
†
j = Γj , j = 1, . . . N, (8.7)
which satisfy the canonical relations:
ΓiΓj + ΓjΓi = 2δij . (8.8)
Note that the Γ’s can be canonically identified with matrices. Now, each of the
resonant modes ϕj can be loaded with arbitrary amplitude and phase, leading
to an oscillatory state:
ψ(t) = eıω0tψ = eıω0t
N∑
j=1
αjϕj , (8.9)
where the coefficients αj are complex amplitudes. Then:
Γ(ψ) =
N∑
j=1
αjΓj . (8.10)
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The Γ(ψ)’s can play the role of our derived physical observables. Indeed, nothing
stops us in feeding the measurement of the small oscillations state ψ of the
mechanical system into the matrix Γ(ψ). Furthermore, note that the oscillatory
state of the system can be fully recovered from (8.10):
αj =
1
dimTr
(
Γ(ψ)Γj
)
, j = 1, . . . , N, (8.11)
where dim is the dimension of Γ’s. In fact, we can observe and manipulate
products of the form Γ(ψ1) . . .Γ(ψk), by creating k identical copies of the system
and by loading these copies, coherently, into the oscillatory states ψ1, . . . , ψk.
We now compute the induced braid operations on these derived physical
observables, via the defining relation:
Γ(Uj,j+1ψ) = Uj,j+1 Γ(ψ)U†j,j+1, ∀ ψ ∈ H0, i = 1, . . . , N − 1, (8.12)
where U’s are sought inside the Clifford algebra, more precisely in the sub-
algebra generated by Γj and Γj+1. For simplicity, we will ignore the abelian
phase factor e−ı
pi
4 in (7.9) and we will assume α = 1 and β = −1. Then the
solutions to (8.12) are supplied by the following expressions:
Uj,j+1 = 1√2 (1− ΓjΓj+1), Uj,j+1U
†
j,j+1 = U
†
j,j+1Uj,j+1 = I. (8.13)
Indeed, one can verify directly that:
Uj,j+1Γ(ϕj)U†j,j+1 = Uj,j+1ΓjU
†
j,j+1 = Γj+1 = Γ(αϕj+1) = Γ(Uj,j+1ϕj),
Uj,j+1Γ(ϕj+1)U†j,j+1 = Uj,j+1Γj+1U
†
j,j+1 = −Γj = Γ(βϕj) = Γ(Uj,j+1ϕj+1).
and for k different from either j and j + 1:
Uj,j+1Γ(ϕk)U†j,j+1 = Uj,j+1ΓkU
†
j,j+1 = Γk = Γ(αϕk) = Γ(Uj,j+1ϕk).
By linearity, (8.12) follows. We now can see explicitly that the derived repre-
sentation βj,j+1 → Uj,j+1 coincides with the SU(2)2 representation supplied by
the braiding of Majorana fermions [18].
9. Conclusions and Outlook
To observe in a laboratory the phenomena described in the previous section,
we need to supply first the experimentalists with the h-coefficients in (8.2) and
their variation during the adiabatic cycles. The experimentalists need to engi-
neer couplings between four layers of square lattices of mechanical resonators,
and to slowly vary in time these couplings. With the platform of magnetically
coupled spinners introduced in [25], layering has been already achieved and
variable couplings can be implemented by replacing the permanent magnets by
electro-magnets whose strength can be programmed at will. While this were
still in the planning, the exciting work [38] appeared, showing an experimen-
tal demonstration and characterization of mechanical Majorana-like modes. In
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fact, our community is rapidly learning that classical topological meta-materials
can be used quite effectively for information processing (see e.g. the recent work
by Fruchart et al [39]).
For us, it will be extremely important to figure out how to generate and ob-
serve the derived physical observables at the hardware level. If this can be indeed
achieved, then the quantum algorithms generated for the Majorana fermions
program can be simulated and tested with classical hardware. An interesting
aspect which was revealed to us during this work was the duality between the
representations of the braid group generated with first and second quantiza-
tions, that is, between Ui,i+1 and Ui,i+1. As is well known [9, 40], the latter
can be generated with N -strands planar diagrams and our work shows that
there is a relation between the representations generated with single-strand and
N -strand planar diagrams. The passage from one to another can be achieved
by simply passing to the Clifford algebra over the representation space of the
former. We feel that it is important to understand this mechanism at the level
of diagrams, because there are many other derived physical observables, some
which naturally connect with k-strand diagrams, 1 < k < N . It is not excluded
that dualities also exist for these cases. An even more intriguing question for us
is what happens when, instead of Clifford algebra, we use generic parafermionic
algebras to generate the derived physical observables. This will certainly be
among our future investigations.
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